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Course content

Solutions of nonlinear equations in one variable: the bisection algorithm.
Differential calculus.

The Newton-Raphson method, the secant method.

Integral calculus.

Numerical integration: trapezoidal rule and Simpson’s rule.

Taylor expansion — error of a numerical method

Numerical differentiation: forward and backward-difference formula. Three-point formula of
numerical differentiation.

The Richardson’s extrapolation.
Initial value-problem for differential equations: Euler’'s method, the Runge-Kutta methods.
Polynomial interpolation: Newton and Lagrange polynomials.

Methods for solving linear systems: linear systems of equations, Cramer’s rule, Gaussian
elimination.

Approximation theory: least-squares approximation.
Linear algebra, matrix inversion and the determinant of a matrix.

Round-off errors: absolute error, relative error, significant digits.



Course content 2

LABORATORY CLASSES
1. MS Excel — general introduction
2. Application of the MS Excel in solving numerical problems

MANUALS:
1. E. Steiner, Mathematics for chemists, Oxford.
2. A. Ralston, Introduction to numerical analysis.



Solution of equation in one variable x=f(x)

READ x , €, A
v
y=X
"
X=y
v
y="2(X+A/X)

< beyl<e >

IYES
WRITE y

Trace of operations



Trace_square_root.xls

Algorithm notation
Q START and STOP of a sequential algorithm

INPUT and OUTPUT operations

= SUBSTITUTION operations

LOOP

? CONDITIONAL operation

SUBSTITUTION  variable = expression

Calculate the value of the expression and save it under the name of the variable



Convergent process: x=V2(Xx+4/x)

12

X y
4 25
2.5 2.05

2.05|  2.000609756
2.000609756]  2.000000093
2.000000093 2

10




Divergent process:

X y
2.1 1.59
1.59 3.4719
3.4719 -6.05408961
-6.05408961 -30.65200101

-30.65200101

-933.5451657

-933.5451657

-871500.5763

-871500.5763 -/.59513E+11
-/.59513E+11 -5.7/686E+23
-5.7686E+23 -3.32768E+47

-3.32768E+47

-1.10734E+95

-10

X=0-X*X




Solution of equation in one variable

Bisection method

Solution of an equation f(x)=0, i.e. search for zero points of the function f(x).
Search for the a zero point in the range <a,b>, in which:

1) the function f(x) is continuous

2) f(x) changes the sign in the range <a,b>, i.e. f(a)*f(b)<0

zero point




Bisection Algorithm

READ a, b, €

f(a)*f(b)<0 NO WRITE: incorrect range

YES

p=(a+b)/2
v

f(@)*f(p)<O

NO

‘VYES \ 4
>/S-FOP

WRITE a,b

Trace of operations



Bisection.xls

Differential Calculus

Derivative of a function — a measure how rapidly the dependent variable
changes with changes of the independent variable

y=Yy(X)

Y, [mmmmm = mmm oo Tangent line tan(a)

/ (slope)

— AY = Y5-y,

N s -

tan(a)= fim YU) YO iy Y8 erivaive
Xa =X X, — X =% AX  dX




Differential Calculus

Find the derivative of the function
y=ax?
Let AX =X,-X; and 4y = y(X,)-y(X,)

Ay = a(xp)>a(x))? = a(xy+AX)2-a(x))? = a(xy)2+ 2%, Ax+H(AX)T-a(xy)? =

= a[2X, AX+(Ax)?]
After dividing by Ax Ay
— =2aXx +aAx
AX
In the limit as x, — x; (i.e. 4x — 0)
dlax®) .. A
( ): lim ~Y = 2ax

dx Ax—0 AX

The derivative of the function y=ax® is dy/dx=2ax



Differential Calculus

Derivatives of some elementary functions (a is a constant):

Function y=y(x) Derivative dy/dx=y’(x)
X" n xn-t

ax axIn(a)

In(x) 1/x

sin(x) cos(x)

cos(X) -sin(Xx)

a 0

Let y(x) and z(x) are differentiable functions of x:

d(y+z)_dy dz d(y-z) dy dz

dx dx  dx dx  dx dx

Composite function f(u(x))

df df  du

dx du dx



Derivatives - examples

d/dx(4*x°> — 0.3*x3+10) =4 d/dx x>— 0.3 d/dx x3 + d/dx(10)= 4*(5*x*4)-
0.3*(3*x?) +0 = 20*x*-0.9*x?

d/dx(sin(x)*cos(x)) = d/dx(sin(x))*cos(x)+sin(x)*d/dx(cos(x))=
=cos(X)*cos(x) +sin(x)*(-sin(x))=cos?(x)-sin?(x)=cos(2x)

d/dx(2 sin(2x))= 72 d/dx(sin(2x)) = 2 cos(2x)*2 =cos(2x)

d/dx(4*x5/(1 — x3)) =[d/dx(4*x°)*(1-x3)-4*x>*d/dx(1-x3)]/(1-x3)? =
=[20*x**(1-x3)+12*x"]/ (1-x3)?=[20*x*-8x"]/ (1-X3)?



Solution of equation in one variable

Newton-Raphson method

The search of a zero point begins at any point X, if:
1) the function f(x) and its first derivative are continuous
2) the first derivative is different from zero

y

T zero point

| | ! | X

X1 X3 \ Xo

!\/
The expansion inTaylor series: FOu)= %)+ 5 10 )04 =% )+
f (X,
X, = Xy —




Newton-Raphson algorithm

READ X, , €

Xo=Xq

X1 =X - T(Xo) / T7(Xo)

Xo-Xal< € >

NO

YES

WRITE x/

STOP

Trace of operations



Newton.xls

Solution of equation in one variable

Secant Method

The search for the zero point begins from a pair of points(x,, X,), if:
1) the function f(x) is continuous
2) f(Xg)# f(Xy), when X #x,;

y
/\ zero point
I I I
X2 X3 X1 Xo
\i
\/

The first derivative from the Newton-Raphson  (x )= (%)= f(x)
method approximated with an expression: X =%

f (Xo )(Xl — Xo)

T (%) (%)




Secant method algorithm

READ X, , X; , €

|
qo=F(Xo)

q,=f(xy)

»
P

Xo=X1, X1=X; Xo=X1 — Q1 (X;1-Xo) /(A1-0p)
0o=0; ; d1=F(X5) |
L IX,-X,|< €
NO e
YES
WRITE x,

Trace of operations



secant.xls

Integral Calculus — principal facts

* The antiderivative F(x) of f(x) Is the
function such that dF(x)/dx=f(x)

* The indefinite integral Is the same thing as
the antiderivative function

* A definite integral is the limit of a sum of
terms f(x)Ax

Tf Jdx = F(b)-F(a)



Integral Calculus - examples

A car moves with constant velocity v(t)=50 km/h. Calculate the distance
It covers in 2 hours.

s =V(t)At =50km/h*2h =100km
2 2
= [ v(t)dt =[ 50dt =50t , =50*2-50*0 =100km
0
A stone is falling with the acceleration g(t) = 10 m/s?. At the begining its
velocity is 0 m/s. Calculate the distance the stone covers between 2"
and 4t second of the fall.

v(t)= [ g(t)dt = [10dt =10t + const
(O) 0 = const=0

j (t)dt j10tdt 5t _5*42 5*22 — 80— 20 = 60m

2



Numerical integration

Trapezoidal rule

i f (x)ax

b—a
h=—"——
m
leg[f(a)+f(a+h)] Tzzg[f(a+h)+f(a+2h)] Tm:2[f(a+(m—1)*h)+f(a+m*h)]
T=0lf+ 1) L A . paal fi=f(a+i*h)

T=T,+T,+..+T, :2[f0+2f1+2f2+...+ f]



Numerical integration

Simpson’s rule

i f (x)ax

81:2[f0+4f1+f2] 82:2[f2+4f3+f4] o Spp=—|f 4t 1], f.=f(a+i*h)

S=5+S,+..+S,,, :2[f0+4f1+2f2+...+2fm_2+4fm_1+ f]



Analytical integration — an example

12
| = j f (x)dx
10
f(x)=x3 12 4 112 4 4
jx3dx=x _127 100 _ o664
10 4 10 4 4
f(x)=x* 12 5 12 5 5
[ x*dx = x> 128 107 597664
10 5 10 5 5




Numerical integration — an example

12
| = J f (x)dx Calculation results
10
f(x) x3 x4
X x3 x4 T(h=2) 2728 30736
10 1000 10000 T(h=1) 2695 30009
11 1331 14641 S(h=1) 2684 29766,67
12 1728 20736 | (accurate) | 2684 29766,4
f(x)=x3 f(x)=x4
2
T(h=2)= 2(1000+1728) =2728 T(h=2)= 2(10000+ 20736)=30736
1
T(h=1)= 2(1ooo +2*1331+1728) = 2695 T(h=1)= ;(10000+ 2*14641+20736)= 30009
1
S(h=1)= 3(1000 +4*1331+1728) = 2684 S(h=1)= :1%(10000+ 4*14641+ 20736)= 297662
T(h) | T()-1 | Errors of the trapezoidal rule | h T(h) T(h)-I
2 2728 | 44 2 30736 | 969,6
error ~ h?
1 2695 | 11 1 30009 | 242,6




Geometric series

n-1
S,=Y ax =ax’+ax +ax’ +..+ax""  [*X
r=0

XS =ax' +ax’+ax’+...+ax"
S, —xS, =a—ax" :a(l—x“)
S,(1-x)=all-x")

S :al—x
1-X

1—-x"
1-Xx

When a=1 :1+X+X2+...+X”_1

1- X"
1) The sum (1+X+X2+...+X”_1) IS equal to [1—xj

1) (1+ X+ X +...+ X”_l) IS a series expansion of the function




Maclaurin Series

f (X)=C,+CX+C,X° +C,X°+C,X" +...

Cy,C;,C,,Cs...  cCONStants

f'(x)=(;]:(=cl+2c2x1+3c3x2+4c4x3+...
1 dzf 1 2
f"(x)= i =2C, +6C, X +12¢,X" +...
Thus
f(0)=c, f'(0)=c, f"(0)=2c, f"'(0)=3lc,
f(0)=nlc, C, _ 1 f (0)

n!

f(x)= f(0)+]1_|f'(0)x+;! f"(O)x2+;f"'(O)x3+...




Taylor Series

f(x)=c,+c,(x—a)+c,(x—a) +c,(x—a) +c,(x—a)* +...

Cy,C;,C,,Cs...  cCONStants

f'(x)= :;h:(:c1+202(x—a)1+303(x—a)2 +4c,(x—a) +...

2
f"(x) = C;XI = 2c, +6¢,(x—a) +12¢c,(x—a) +...
Thus
f(a)=c, f'(a)=c, f"(@)=2c, f"'(a)=3c,
f"(a)=nlc, ¢ =Lf "(a)

n!

1., 1 ., » 1 .., 3
f(x)= f(a)+llf (a)(x—a)+2!f (a)(x—a) oy (a)(x—a)’ +...




Maclaurin Series - an example
f(x)=y,e™

y, =1000 k=0,2

Calculate the value f(6) using the Maclaurin series

f'(x)=—ky,e™

f"( )_kZYO -
f(x)=(- )k Yo
f(x)=—k*f (x)

Call the Taylor series



Taylor_series.xls
Taylor_series.xls
Taylor_series.xls
Taylor_series.xls

Numerical differentiation

Definition of derivative f'(x)=lim f(x+h)—1(x) _ lim f(x)—1(x=h)

h—0 h h—0

One-side approximation:

ﬂ;(X)Z f(X+h|f)\-f(X)
~ f(x)—f(x—=nh
fl_,(X) = () h (x=h) fx+h)

f(x-h)
The average of R i L (central derivative):

F(x)= ﬂ;(x); fl(x)_ f(x+h)2—hf(x—h)

x-h X X+h




Differentiation — the error

_ l ' 1 " 2 l " 3
f(ceh)= £00+ 1 £Gon=+ 2 £00n" + £ +} _
. 1 ' 1 " 2 1 " 3
f(x—h)= f(x)—llf (x)h+2!f (x)h o (x)h/
One-side derivative Central derivative
f(x+h)~ f(x)+]1_I f’(x)th;LI f"(x)h? f(x+h)-f(x—h)~2f '(X)h+§, £7(x)h?
f'(x)h= f(x+h)- f(x)—; f"(x)h? /:h 2f'(x)h~ f(x+h)- f(x—h)—§| f"(x)h* /:(2h)
' - f(X+h)—f(X) 1 " ' ~ f(X-l—h)—f(X—h) 1 " 2
f'(x)~ - i (x)h f'(x)~ oh o (x)h

derivative error ~ ht derivative error ~ h?



Calculation of a derivative

Calculate the derivative of In(x) at the point x=3 using the central derivative
method and one-side method for different step length h:

f(x)=In(x) In'(3)=1/3 In(3)=1.098612
f'(X)=[f(x+h)-f(x-h)]/(2*h)
h xth f(xxh) f'(3) error h"2 error/h”"2
1 4 1.386294 0.346574 0.01324 1 0.01324

2 0.693147

0.5 35  1.252763 0.336472 0.003139 0.25  0.012556
25  0.916291
0.1 3.1  1.131402 0.333457 0.000124 0.01  0.012354 The decreasing step
29 1064711 minimizes the error.
h x+h f(x+h) f(3) error h error/h different for different
1 4 1.386294 0.287682 -0.04565 1 -0.04565 methods.
0.5 35  1.252763 0.308301 -0.02503 0.5 -0.05006

0.1 3.1 1.131402 0.327898 -0.00544 0.1 -0.05435



Differential equation 1st order

Differential equation dN(t)
ntial N _ _ene)
for radioactive decay dt
oAbt
Suggested solution: N(t)=ae
| dN(t "
Checking the correctness: Tdt = abe
Substitution: abe™ = —kae™
Left side equal to right side, when: b=-k
N(t)=ae™
Constant ,a” determined from the initial condition: N (O): N,
ae™® =N,
a=N,
Final analytic solution: N (t) =N,e™

k — radioactive decay constant



Radioactive decay

Differential equation for
the radioactive decay

Analytic solution:

Half-life period t:

dN(t)

i = —kN(t)




Differetial equation — the Euler
method

The equation (f is a known dy(x) — f (X, y(x))
function): dx

d _
Approximate expression for the y(x) = y(x " h) y(x)
derivative: dx h
After transformation: y(x+h)=y(x)+h di;g(x)
Simplified notation: Yi = Y(X"‘ ih)  f = f(x+ ih, Yi)

y(x)
—v.+h
y|+1 yl+ ( dX )i
Yi,p =Yit+hf;

The last expression allows for step by step calculation of the function y(x).
The value of the function in the zeroth step y, determined from initial condition.



Differential equation 1st order

dN
dt

i t N dN/dt Nanalit

0 0 1000 -5000 1000
1 0.1 500 -2500 606.5307
2 0.2 250 -1250 367.8794
3 0.3 125 -625 223.1302
4 04 62.5 -312.5 135.3353
5 0.5 31.25 -156.25 82.085
6 0.6 15.625 -78.125 49.78707
7 0.7 7.8125 -39.0625 30.19738
8 0.8 3.90625 -19.5313 18.31564
9 0.9 1.953125 -9.76563 11.109
10 1 0.976563 -4.88281 6.737947
11 1.1 0488281 -2.44141 4.086771
12 1.2 0.244141  -1.2207 2.478752
13 1.3 0.12207 -0.61035 1.503439
14 1.4 0.061035 -0.30518 0.911882
15 1.5 0.030518 -0.15259 0.553084
16 1.6 0.015259 -0.07629 0.335463
17 1.7 0.007629 -0.03815 0.203468
18 1.8 0.003815 -0.01907  0.12341
19 1.9 0.001907 -0.00954 0.074852
20 2 0.000954 -0.00477 0.0454

1200

S 7=0.1386 h=0.1

1000

800

600 -

400

N

e Nanalit

200

0.5 1 15 2



Differential equation 2nd order

Harmonic oscillation , : >y
F,=ma a - acceleration 0
F, = -kX X - position

Assumption: m=1 k=1
The balance of forces: F,=F,

Thus a=-X
d2x(t Specific solutions:
2( ) = —X(t) it
dt x,(t) = ce
bt -
x(t)=ce X,(t)=ce™

1 bt
X'(t)=che General solution:

(A} 2 b 1 1
X"(t)=cb’e" x(t)=ce" +c,e™
CbZ bt _ _Cebt

5 Constants c, i ¢, determined
b*=-1 from intial conditions
b =i




Differential equation 2nd order

~

it —it i } - > X
X(t) =Ce +C€ -1 0 1
Initial conditions:
x(0)=1 x(0)=ce®+c,e=c +¢c, =1
x'(0)=0 x'(0)=c,ie" —c,ie " =ic,—ic, =0
C, =¢C,
2¢c, =1
1 1
Cl -2 Cz -2

General solution including the initial conditions:

x(t)=1e" + e = cos(t)




Numerical solution |

where:

a(t)=—x(t)

a(t)

_dv_ d*x

v(t)— dx

dt  dt?

dt

Succesive application of approximate expressions for the first derivative:

()= X(t + At)—x(t)
v(t+AAtt)—v(t)
="

Notation:
x, = X(t, + kAt)
v, = V(t, +kAt)

From the equation it results:

ay

X(t)+v(t)At
v(t)+a(t)At

(t+ At)
(t+ At)

X g = X +V, At
V., =V, +a, At



For t=0:

RENRESsxIsaraoniocoe®~Noarwn20ox

Numerical solution | cont.

(k) x(K)

0 1
0.1308997 1
0.2617994 0.9828653
0.3926991 0.9485958
0.5235988 0.8974852
0.6544985 0.8301207
0.7853982 0.747378
0.9162979 0.6504114
1.0471976 0.5406387
1.1780972 0.4197214
1.3089969 0.2895404
1.4398966 0.1521675
1.5707963 0.0098335
1.701696 -0.135108
1.8325957 -0.280218
1.9634954 -0.423013
2.0943951 -0.561006
2.2252948 -0.691751
2.3561945 -0.812884
2.4870942 -0.922163
2.6179939 -1.017514
2.7488936 -1.097064
2.8797933 -1.159179
3.010693 -1.202497
3.1415927 -1.225952

v(k) a(k)
0 -1

-0.1309 1
-0.261799 -0.982865
-0.390456 -0.948596
-0.514627 -0.897485
-0.632108 -0.830121
-0.74077 -0.747378
-0.838602 -0.650411
-0.92374 -0.540639
-0.99451 -0.419721
-1.049451 -0.28954
-1.087352 -0.152168
-1.107271 -0.009833
-1.108558 0.1351079
-1.090872 0.2802178
-1.054192 0.4230126
-0.99882 0.561006
-0.925384 0.6917512
-0.834834 0.8128837
-0.728428 0.9221632
-0.607717 1.0175142
-0.474525 1.0970641
-0.330919 1.1591793
-0.179183 1.2024965
-0.021777 1.2259515

V, = O[r%]

derivative

One-side expression for the

— (k)

v(k)
a(k)




Numerical solution I

dv  d®x dx
t)=—Xx(t here: t)=—= t)=—
Approximate expressions for the central-derivatives:
t+ At)—x(t
v(t+3At)= - At) <) X(t -+ At) = x(t)+v(t + L At)At
alt + At) = v(t+ gAt)A—tv(t +1At) v(t+3 At)=v(t+ 5 At)+alt+ At)At
Notation:
= At
x, = X(t, + kAt) X = X TV
V, = V(’[0 + kAt) Vi :Vk+g+ak+1At

From the equation it results: a3 = Xy



For t=0:

RENRESsxIsaraoniocoe®~Noahrwn2ox

Numerical solution Il cont.

(k)

0
0.1308997
0.2617994
0.3926991
0.5235988
0.6544985
0.7853982
0.9162979
1.0471976
1.1780972
1.3089969
1.4398966
1.5707963

1.701696
1.8325957
1.9634954
2.0943951
2.2252948
2.3561945
2.4870942
2.6179939
2.7488936
2.8797933

3.010693
3.1415927

X, =1m]

x(K)

1
0.9914326
0.9658773

0.923772
0.8658381
0.7930682
0.7067094
0.6082413
0.4993511
0.3819047
0.2579145
0.1295049

-0.001124
-0.131733
-0.260085
-0.383981
-0.501297
-0.610024
-0.708298
-0.794435

-0.86696

-0.92463
-0.966457
-0.991724
-0.999997

v(k+1/2)  a(k)

-0.06545 -1
-0.195228 -0.991433
-0.321661 -0.965877
-0.442583 -0.923772
-0.555921 -0.865838
-0.659733 -0.793068
0.752241 -0.706709
-0.83186 -0.608241
0.897224 -0.499351
-0.947216 -0.381905
-0.980977 -0.257914
-0.997929 -0.129505
-0.997782 0.0011236
-0.980538 0.131733
0.946493 0.2600851
-0.89623 0.3839807
-0.83061 0.5012969
-0.750758 0.6100235
-0.658042 0.7082976
-0.554051 0.7944351
-0.440566 0.8669602
-0.319532 0.9246302
-0.193024 0.9664569
-0.063207 0.9917237
0.0676921 0.9999975

V, = O[r%] V, = Vo + 8 A%

T

At=——
24

1.5

Central derivative

0.5 \ / )( \ / )( y(k)
S NVAVANANVAVAN

05 0 \/ /s \ \/1/ g — v(r12)
1 7% AAL\ —_ a(k)

[V




Richardson’s extrapolation

When calculating the numerical result with a finite step h, is it possible to
estimate the result at the limith — 0 ?

F(h)=a, +ah? +0(h") r>p

F(h) — the result for the step h
a, = F(0) hypotetical result for h=0
p — the order of the numerical error

Let’s calculate the numerical result F for two different step lengths h i (gh)

F(h)=a, +ah®+0(h")
F(ah)=a, +a,(ah)* +Ofn") q>1

F(h)=a,+ah®  /I*¢’
F(ah)=a, +a,q°h’




Richardson’s extrapolation cont.
- g "F (h) =( Ioao +a, "h? Substruction of both equations
| Flah)=a,+ a0

qu(h)—F(qh)zaO(qp—l)

a, = F(h)+ F(hc)lp_fl(qh)+0(ht) t>r

a, has an error of higher order and the process can be continued.

The most frequent step change g=2, and then:

F(h)-F(2h)

2p

a, =F(h)+ +0(n') t>r



Richardson’s extrapolation
example 1

12
| = j x3dx = 2684
10

Numerical h T(h)

results with 2 2728

the trapezoid

method: 1 2695

a, =T(1)+ T(l)z_T(z) = 2695+ 2695; 2128 _ 60511 2684



Richardson's extrapolation
example 2

0.8

0.4

0.2

0.1

f(x)=In(x)
In'(3)=1/3

3.8
2.2

3.4
2.6

3.2
2.8

3.1
2.9

1.335001
0.788457

1.223775
0.955511

1.163151
1.029619

1.131402
1.064711

F(h)
0.341590

0.335330

0.333828

0.333457

F(X)=[fx+h)-f(x-h)]/(2*h)

A3 a,

-0.002087 0.333243

-0.000501 0.333328

-0.000124 0.333333

The central derivative method error~ h?, thus p=2.
A = F(h)-F(2h)



The interpolation polynomial

The function f(x) is given as a table, I.e. its values are
known in (n+1) points (nodes)
1:(XO)’ f(X1)7 f(X2)1 SR 1:(Xn)'
Problem: find a polynomial of the n-th order such as:
W(Xo)= f(Xo)
W(X,)= f(Xy)

W(X,)= 1(Xp)
w,(X) Is called the interpolation polynomial.

Goals of the interpolation:

* simple presentation of the function values (coefficients)
eexecution of mathematical operations using the polynomial
«determination of the intermediate values of the function




Calculation of the polynomial value

Natural form of the polynomial
n
w,(x)=> ax‘ =a;+ax+a,x’ +..+a,x"
k=0
The Horner’s scheme of the calculation

Wn(x): ("'(anx+ an—l)x+"'+ al)x+ a‘O



Calculation of the polynomial value

Algorithm

read n, {a}, X
v
w=a,
v
I=n-1
N
W=W*X+a;
¥
I=i-1

v
YES >0 >
I NO
write w




Trace of the calculation

W3 (X)=1+3x-2x%+4x3
n=3 a,=1 a,=3 a,=-2 az;=4
Calculate the value of the polynomial at x=3.

n W
4
4*3-2=10
10*3+3=33
33*3+1=100

B OR[N |—

The value at x=3 1s 100.



Newton form of the polynomial

Let Xq, Xq, Xo,..., X1 @r€ given numbers, where the values of a
polynomial are given (the data).

Auxiliary polonomial p, (k=0,1,2,...,n) are defined

Po(x) =1

P1(X) = XX,

P2(X) = (X-Xg)(X-X,)

D)= (KXo (XX (XX 1)

The polynomial w,(x) Is given as
n

Wh (X) - g b, Py (X)

How to determine the coefficients b, ?



Determination of the coefficients b

X fOX) | FIXpX X X141 X 42]
Xo | f(Xo)
e [ - 100)
v X1—%Xo
f _
X, | f(x2) x| f(x)z():):‘ (x,) e s f[xl,x)z(]_):c %4, %]
Xn f(Xn) f[X X ]: f(XX):Xf (X 1) f[xn—Z’Xn—l’Xn]: f[Xn_l,X)n(]:): [Xn—Z’Xn—l]




=1+ x*(3+ x*(=2+x*x4))=

=1+3x—-2x*+4x3

X f(X) X0, %] | f[Xa,. 0 X0] | f[Xq,...0X4]
3 100
5 466 183
7 1296 415 58
9 2782 743 82 4
o(x) =1
1(X) =X—-3
(x)=(x=3)(x-5)

o

N

O O T T
=

w



Linear interpolation

linear function:  w;,(X)=a,+a;x

f, /
f(xo) = fo = agtaxy (/ xy) fo

7/
f(xy) =, = agtax; (/ Xo) —> x
Xo X1
Calculate a,, a,
f1-fo = a;x; —asXg a;=(f1-fo)/(X1-X%o)
foXq-f1Xo = @gXy — apXg ag=(foX1 —F1Xg )/ (X1-Xo)

Wy (X)= [(foxq —f1X0 M (X1-Xo)] + [(F1-fo)/ (X1-%0)] X
W, (X)= [(foxy —ToXg +oXo —F1Xo ) (X1=%0)] + [(F1-fo)/(X1-X0)] X

W, (X)=fq + [(f1-fo)/(X1-X0)] (X-Xo)
It is a Newton polynomial

W, (x) = by Po(x) + by py(x) , where

Po(X) =1 b =15
P1(X) = X-X, b, = (f;-fo)/(X1-X,)



The Runge effect

When interpolating with a polynomial of high order, eg. of the 10-th order for
the function F=  »

in the range[-1,1] for egidistant nodes

1+25%?
x=-1+i*0,2 i=0,1,2,..10
X f(x) w(X)
-1 0.038462 0.038462
-0.8  10.058824| 0.10181 0.058824
-0.6 0.1 0.205882[0.260181 0.1
-0.4 0.2 0.5 0.735294 (0.791855 0.2
-0.2 0.5 15 2.5 2.941176(2.686652 0.5
0 1 2.5 2.5 1.48E-15 [ -3.67647 [ -6.36312 1
0.2 0.5 -2.5 -12.5 -25 -31.25 [-27.5735([-17.6753 0.5
0.4 0.2 -1.5 2.5 25 62.5 93.75 [101.1029|84.84163 0.2
0.6 0.1 -0.5 2.5 -1.5E-15 | -31.25 -93.75 [ -156.25 [-183.824 | -167.916 0.1
0.8 0.058824 [ -0.20588 | 0.735294 | -2.94118 | -3.67647 | 27.57353|101.1029 | 183.8235| 229.7794 [ 220.9417 0.058824
1 0.038462 -0.10181 [ 0.260181 | -0.79186 | 2.686652 | 6.363122 | -17.6753 | -84.8416 | -167.916 [ -220.942 | -220.942 | 0.038462




The Runge effect

Compare the expressions for the function (dark line)and polynomial (grey line):

N
&

N

[WEN
al

|_A

Al

-
ol
A
o
ol
D
o_
ol
H_
H_
ol

)

O
o



Calculation accuracy

Error sources:
*Errors of input data
*Rounding errors
-Cutting errors
«Simplification of a model
Random errors

Absolute and relative erros:

X — Approximate value
X — Exact value

Absolute error AX =X —X

Relative error r — —



Rounding and cutting

rounding cutting
0,2397 > 0,240 > 0,239
-0,2397 — -0,240 > -0,239

Rounding to t decimal digits
Error of the number +%-101

Example: 0,240 +%2-10-3 = 0,240 +0,0005

Rounding of numbers ending with a digit 57
0,2345 —» 0,234

0,2435 — 0,244

Error reduction when calculating a sum



Errors of calculated quantities

Addition and Subtraction
X, = 2,33+0,02

X, =1,42+0,03

max(X, + X, )= 2,33+0,02+1,42+0,03 = 3,80
min(X, +X,)=2,33-0,02+1,42—-0,03=3,70
X, +X, =3,75+0,05

What is the error of a sum?

What is the error of a difference?

. —X,)=2,33+0,02-1,42+0,03=0,94
min(x1 X,)=2,33-0,02-1,42-0,03=0,84
0,8



Errors of calculated quantities

Addition and Subtraction
X, =X, £ AX; X, =X, £ AX,

Similarly:
X, + X, = X, + X, + (AX, + AX, )

AR +X, )= Ax, + AX,

The absolute error of a sum or difference is equal to
the sum of absolute errors of components.



Reduction of significant digits

>'z1 =0,5764+110™
=0,5763+ 110

I\J

X, — X, =0,5764—0,5763+ (110 + 110°*)
%, — X, = 0,0001+0,0001
A()?l — 2 ) = 0,0001 Absolute error

©0,0001

— 0.0001 =1=100% Relative error




Errors of calculated quantities

Multiplication and division

. X 1 1
Similarly: i: 1Y2=x1(1+r1)x2(1+r2)
X, X
Yi - Xi [1i(r1+r2)]

The relative error of a product or division is
equal to the sum of relative errors of the factors.



Use of different rules for the
error transfer

Calculate the roots of the algebraic quadratic equation with the
accuracy of 5 significant digits.

Lx*—-28x+1=0

A= [28° —4x1xl=[784-1=/783=27,982

X, =28-27,982=0,018+ ;10’3 Only 2 significant digits
X, = 28+ 27,982 =55,982+ 1107 5 significant digits

r= 06?001085 =3%107°

r= 99905 g0

2 55082



Use of different rules for the
error transfer

The Viete’s relations ax’+bx+c=0

C
Xl*X2=a

Lx*-28x+1=0

A= [28% —4x1xl = [784-1= /783 =27,982
X, = 28+ 27,982 =55982+ 110

X X, =1 X, = t_ 1 =0,017863+1%10°°
X, 55982
0,0000005 5
rl: = 3*
0,017863

. 00005 _o o
* 55082



Maximal errors of calculated quantities

Y = Y(X, X500, X, ) The function is given
All variables xi are given with errors. What is the error of a calculated quantity y?

7=y(>’?1,¥2,...,>’?n)
X, =X, T AX; X, =X, TAX, ... X =X TAX

(0
Ay:ZKaX] * AX,

=1

Ay = 2 * AX, + 2 *AX, +..+ 2 * AX,
0%, ). 0X, ). OX, ).




Maximal error — an example

a=320+2 Aa=2
b=-300+1 Ab =1
c=10,0+£01 Ac=01

a+b 320-300
y: = :2
C 10

Ay:(ayj*Aa—l—(ayj*Ab—l—(ayj*ACZ
oa ob oC
:(1j*Aa+(lj*Ab+ atbj*A =
C C C
:1*2+1*1+_220*0,1=0,32
10 10 10
0,32

=016 =16%



Standard errors of complex expressions
Y= Y(X X0 X, )

A given function

The s, are standard errors of parameters x,. What is the standard error of
a complex value y?

Y= Y%, %y X, )
Xl_{xl’sl} X {XZ’SZ} Yn {Xn’sn}

- 32




a=320+2 S =

Example

b=-300+1 s, =1

c=10,0+£01

y = a+b 320-300
C 10

_|_

2
oa ?

sy:\

2
HE
ob

d

2
53’) 52
oc

HER)

2
*Sb

|

a+b

2
2
c? j "

(1
10

2
)

d

~-20
10°

2
j %01

=0,22



Linear regression

30

25 A

20 A

15 -

10

10

Linear regression:
y=a*x+b

Goal: Determination of optimum values of a and b.

67



Linear regression

Basic assumptions:
1) Random distribution of y; around the straight line

2) The variation 0,2 independent of x

Least squares method: q)(a, b) — Z [yi _(

Determination of min ®(a,b) with respect to a and b:

8q3ab —ZZ[Y. (ax +b)|(x)=0

5‘13(3 b)_ -23 [y, ~(ax +b)}-

68



Linear regression
(anxiYi _aznlxiz —bZn:Xi =0
Zn:yi —azn:xi —bn=0

([ n , n n Solution of the equations
az X + bz X, = Z XY system with respect to a, b:
i=1 i=1 i=1

{54} 5]
SN
Eehs)

a




Linear regression

n
Estimation of variance for y;: > (yi —axX — b)2
2 _i=l
S™ =

n-2
Estimation of variance for parameters a and b:

2 _ o2 n 2 .2 (inz)
n(Z X )_ (X% )2

Linear correlation coefficient r

_ cov(x;, ;) _ Sy
Narfohar(y) 5.5,

The value of r spans from -1 to +1. r>0 indicates a positive
correlation, r<0 a negative correlation between x and y. r=0
iIndicates the lack of linear correlation between x and .

70



Linear regression — an example

-10 -
-15
-20 -
-25 -
-30 -
-35 -

-40

10
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X [km] y [kg] X*X X*y y-a*x-b (y-a*x-b)*2 | x-xsr y-ysr
1 -2 1 -2 -0.4 0.16 -4 18
3 -10 9 -30 0.8 0.64 -2 10
5 -20 25 -100 0 0 0 0
7 -30 49 -210 -0.8 0.64 2 -10
9 -38 81 -342 0.4 0.16 4 -18
Sum: 25 -100 165 -684 0.00 1.6 0 0
a= -4.6 kg/km
b= 3 kg
sn2= 0.5333 kg? s= 0.7303 kg
sa’2= 0.0133 sa= 0.1155 kg/km
sb"2= 0.44 sh= 0.6633 kg
XSr= 5 cov(x,y)= -36.8000
ysr= -20 var(x)= 8.0000
var(y)= 169.6000
r(x,y)= -0.9991

72




More about regression - quadrants

0

-5 -
-10 .
_15 _|

-25
-30 |
-35 |
-40

220 {-mmmmmmmemmmsmmosesoeeoeeo e -y

Quadrants:

I X-My<O  y-p,<0
[l X-Ue>0  y-p,<0
[l X-U>0  y-p, >0
\Y X-My,<0  y-p,>0

My
(X-K,)(y-Hy)>0
(X-H,) (y-Hy)<0

(X-K,) (y-Hy)>0
(X-H,) (y-Hy)<0

> (% — py )(Yi —ﬂy)

cov(X,y)=

— o0 < COV(X,Y)< o

73



Linear regression coefficient

cov(x;, ;)

Syy

F =

N

r=-1

var(var(y) 5,5,

N

yA

-1<r<0

A

O<r<1

A
»
>
/ |
»

r=0
Ya

r=1

74



Excess system of linear equations

[y—Ja]:a
_81_
n 1 &
Sei-le o o o] |—ee=ly-3ally-dal
i=1
8n_

We search for a solution a, where the value of €T is minimal.

ly-Ja]'ly-Ja]= [yT —aTJTIy ~Ja]=
=y'y+a'J'Ja-a'J'y-y'Ja=y'y+a'J'Ja-2a'd'y

og'e
=2J"Ja-2)"y=0
oa
J'Ja= JTy
(7Yt qT The optinal values of parameters a which
a= (J J) Jy minimize the sum of squares



Example of the matrix representation

21 (2 1
28 4 1 a
40 6 1 b
51 8 1]
1
.. [2 4 6 8|4 1| [120 20 . ,
7= = detJ"J =120*4-20° =80
111 1|6 1| |20 4
8 1
g
(JTJ)l{;g —gg} JTy{z 4 6 8} 28 :{802}
~-% 10 1 1 1 1|40| |140
_51_

L% —k|802]_[51
-8 @ 140] |95



Variance

g'e
Variance of the variable y 52 =
y
n—-2
(21] [2 1] (13 ]
I3 28 4 1|51 -19 &2 _ 1
&= - = — = =
y 40| |6 1/95]| |-01 T4-2
| 91 _8 1 i 0,7 |

Variances and covariance

2
cov(a,b) S

Linear regression coefficient

(a,b)= cov(a,b)  -58

- 4/3255 B J11,6*348 -

—0,91

53 cov(a,b) | _ (073)" =2 97{
; ,

13
1-19
13 -19 -01 07
1-01
L 0’7 -
4 2 11,6
80 80 | | 80
_20 120 | | _s8
80 80 80

_ 38
80

348
80



Jacobian

The model function in the linear regression  y=a*x + b.
Jacobian is a matrix of derivatives over parameters a, b in all points of data
1=1,2,...,n

@ @ b

When fitting the data to the polynomial of the 2nd order
y=a,+ a,*x + a,*x? , then the Jacobian takes a form of:

() (@) @) % o«
() (), @L] |1 x x

@), @) @)L L1 %«




Deconvolution of a complex band

25 1

20 +

15

10 ~

Experimental band The band should be expressed as a
sum of Gaussian curves

( a - height
— b - position

P, (X) = 3,6 2¢, ¢ - width

79



The least squares method

{a}, k=1:M, M fitted parameters

The error function (sum over n points):
®fa} = Z; [yi(exp) - yi({adl

Problem
To minimize ® through modification of {a,}
using the starting values of parameters {a,},

80



The error function and Jacobian

Elements of the Jacobian

R()=ae * S

N R,
P(x)=Y" P, (x) o
= oP, —q (X_bk) 2]

—=a, 5
Decomposition over N bands Gbk Cy

aPk:a (X_bk)2 ! 2¢
oc, © C

81



Algorythm
v &l &) E &
v a-a) (5)

Yo SN
2, ), \ob,)

Corrections to the values of parameters {a,}

1
Aa:[JTJ] 3Ty

Ad =

82



The least squares method

Pasmo rosz sktadowe

2

20:




Matrices



Set of linear equations

a;x+by=c
a,X+b,y=c,

a; by X+ b, by =cy by
b; 8, x + by b,y =b; ¢,

(@, b, -b; @) x=c, b, -b; c,
(@, by-b;a)y=a,¢c,-c,a,

c1by—bqcy
"~ aiby—biay
a; by
D = ‘ =ab, — bia
a, bz 1Y2 142
C b a1
D1 = 1 1‘ Dz = |
c; by a;

a,,b,;,c,a,,b,,C,-constants
X,y -variables (unknown)

multiplying by b,
multiplying by b,

subtrackting on both sides
similarily as for x

ajcy—Cc1az
"~ aiby—biay
determinat
€1 D1 D,
X = — —_— =
C2| D y D



Cramer’s rule

Solve a set of equations 3x-4y=1
2X+y =8

D=|§ _14|=3*1—2(—4)=11

_ |11 4 _ _ A —

Dy =g 1|_1*1 8 x (—4) = 33
B e nia 4o

D, =|; 8|—3*8 1%2 =22
D, 33 D, 22

=D -1 YD 11



Determinant of the 3 order

Ay Xg + A, X, Has X =hy
Ayy X3 + Ay Xy +Ax3 X3 = b,
Azq X; + Az Xy + A3 X3 = b3

Calculate the determinants;

a1 Q12 a3

| — numer wiersza
] — numer kolumny

Az, A3 az1 Q3
D =|az ax axy;|=(-1la | |+ —1)i+2q | |+ —1)1+3¢ |
D™an |2 B+ DM ag |20 2+ D ags
azq dazz Ass
= A11022033 — 411023032 — A12A21A33 + A12023031 T A13021032 — A13A22031
by a;; ag3 a;1 by ags a;1 Qip by
Dy = |by ay; ap3 D, =|az; by ap;3 D3 =|a;; az; by
bs as;, as3 as; by ass as; asp bs
Dy _ Dy _ D3
1= 2= B

If the right sides are not equal to O, then the set of equations has a solution, if the

determinat D#0.

If b,=b,=b,;=0, then D,= D,= D=0 and the trivial solution is x;= X,= X;=0,

and nontrivial solution requires the determinant D=0.

azq
asq

az;
asp



Determinat of the nt" order

diz; Q12 QAz3 ... Qip
O21 022 G52 o Gon 1+1 1+2 1+3
O3 Oz, Q33 ... 45| = CD7agMyt (1) ea;,M+(-1)a3M, 5+
_1\1+n
...... ot ( 1) a1nM1n

anl anZ an3 ann
Minors
’Lu Go—G13——61m

- g dy, Q3 aon
21 U2 Q3 ... 4

" dz; Q33 dzp

31 O3 Q33 .. O3p (=P = My
............... Grp Gys a.
nl an2 an3 C’nn

Algebraic adjugate of the element a; : A= (DM My



Properties of determinants 1

1. Transposition does not change the value

a b ap az as
as bz c3 €1 € C3

2. Multiplication with a constant

Aa;  Aby  Acy ap by If A=0, then the value of
D=la; by c|=ia b c determinat = 0
as b3 3 as bz c3

3. Permutation of rows or columns

aq b1 C1 a bz Cy a b1 C1 b1 aq C1
a by, c|l=—-|aa b1 a, by c|=—|b; a; ¢
as b3 C3 as b3 C3 as b3 C3 b3 as C3



Properties of determinants 2

4. Sum of determinants differing in one row or column

aq + dl b1 1 a b1 C1 dl b1 1
a, + dz b2 G| = Ay bz Cy + d2 bz (60}
as + d3 b3 C3 as b3 C3 d3 b3 C3

5. Equality or proportionality of two rows or columns

aq /1a1 C1
a, /1a2 Co
as Aa3 C3

aq b, 51
/1a1 Abl /’lCl
as b3 C3

=0

6. Adding rows or columns premultiplied with a constant

a + Abl b1 C1 a bl C1 Abl bl C1 a bl C1
a, + /1b2 bz G| = |Ay bz Co| + Abz bz G| = |Ay bz Cy
as + /1b3 b3 C3 as b3 C3 Abg b3 C3 as b3 C3




Solving a set of linear equations

Ax=Db Example

AlAx = A b X1 +2X,+3%X5=1
9 2X,+3X,+4X4,=1

X=A"b 3X,+4X,+ X5=1

Matrix notation

123 1] %] S
A=(2 3 4 b= 1 x=| %, At=l g -1
S 1 % R
] [-% 0 i) [T
x=A"b = X, |=| © -8 2 |1|=]1
) [-3 3 -l Lo
X;=-1



Types of matricies

Rectangular nxm Square nxn
d;;7 dio di3 ... alm_ _all di> 4iz .. aln_
Gz; Q22 Q3 ... Uom Uz1 Uz2 U3z ... Qa2n
G3; Q32 Q33 ... Q3m O31 Q32 Q33 - Osn
............... g
_anl On2 Qpz ... Opm _nl n2 n3 L
Column Row Unity
matrix matrix matrix
D, [b; b, bs .. by] 100 ..0
b O 1 0 ..0
2
= (0 0 1 0
bs
000 . 1
b,_ . L




Matrix algebra

aj; Q2 a3 _ [bll b1; b13]
— B =
A laz1 az; a23] by1 by  bys

Equality of matrices
A =B, gdy a;;=by;, a;,=by5, a33=by3, ay=by1 4 a5=05; 4 a53=D053

Multiplying with a constant

cA—clall a2 a13]_lca11 Caj2 ca13]
a1 QA2 A3 Cap1 Capp; Cazs

Addition of matricies

A+ B = [a11 a2 Cl13] n [bll b12 b13] _ [all + b11 aqp + b12 a3z + b13]
a1 Qppy d4zs b21 bzz b23 azq + b21 ajso + bzz a3 + b23

Comment: to add both matrices must have the same dimensions



Multiplication of matricies

by
a=[a a; as] b = Ibzl

ab = a; Cl3 [ ] = a1b1 + Clzbz + Cl3b3

Necessary condition: the number of rows in the second matrix must be the
same as the number of rows of the first matrix

C=AB= [all alz] b1 by b13] _

a1 Az b21 b22 b23 N
_ [a11b11 ta12b71  ai1biz + aizby;  A11b13+a12b3
ay1b11 + azbyy  axbip + axbyy  azibiz + axbos

If the matric C (mxp) is a result of the multiplication of A(mxn) and B (nxp)

n

Cij = 2 ;i by i=1tom,j=1top

k=1



Properties of matrix multiplication

Associativity A(BC) = (AB)C =ABC

Distributivity A(B+C) =AB + AC

Non commutativity AB = BA
1 0 o1
A=y of B=[;

28 =[5 olli ol=lo ol

sa=[1 ollo of=[i ol



Inverse matrix nxn

Procedure
Square Matrix of algebraic Matrix of algebraic
matrix complements complements transposed

A= a:11 a:ln‘ replace with A'll A:1" transpose A:11 A1:11 _x Adjugate matrix
Ap1 ° Qun App - Ay A1y - Ay
Algebraic adjugate of the element a;; A = (D)™ My M;; - minor
. -1 ;Zi -1 -1
Inverse matrix A1l = AA" =A""A=1
detA

Exists if the determinant |A|=det A is not equal O



Solving a set of linear equations

Ax=Db Example:
A-b 2X1+3X%,t4X5=1 detA=4
X = _
3X+4X,+ X5=1
__E 10 _l_
L 2 3 1 *1 13 48 24
PR P PSR E
3 4 1 1 X3 1 2 1
4 4 4
[_13 10 _1]
4 4 4111 2 3 1 0 O :
Test of the inverse matrix A 14 = 140 —g % [2 3 4]=[0 1 0] 'de”F'W
1 2 1|13 4 1 0 0 1 matrix
"z 7 7
x| -5 % -] [ X,;=-1
X=A"b — X, =l ¥ -% 2 = 1 X,=1
%] |-t 2 i1 o Xs=0




Matrices and geometrical transformations

Inversion

1 o0Tx] [ o 4
o Sl o[ 2 1

P mirror reflection
-1 0
S I P M o
= o . [-1o0f-10] 10
0 1]y Y2 QQ:QQ{O J{o 1}{0 1}
>/€ /\y;ﬂXZ
~. | o.P rotation
‘\/\ > Q{cosw singo}
X1 {COS(p sin (p}{xl}_{xz} [-sing cose
—sin coS o 1n AT | COSP —sing|| cosp sing _ 10
¢ PN % QQR=QQ Ling& COS(p}{—Sin(p COS(p} {0 1

Transformation matrices are orthogonal



Similarity transformation of matrices

Mapping A, transforms x — y: AX =Yy
) /\yﬂ X’ .
3; ! If vectors x’ and y’ are transformed to vectors x i y through
N AN a mapping Q, what is a mapping of vector x’ into vector y’ ?
> X

X =QX
If Q and AX=Yy “than AQX'=QYy"

y=Qy
If the matrix Q is not singular, than Q'Qy'=0Q'AQX
thus y'= Q_lAQX': BXx'
The matrices A i B are two matrices

transformed through a similarity B=0Q'AQ
transformation



X +X, =Y

X=X =Y,

x—1x+1x

2 2
X, == hX+ 5%
2 \ 7,1
N (P —_45°
'\' >1
—¥ — %, = Y,

Example
et S S Mt
WA B




2’ A ;11’
P\ QX /’/
qYAS
/// \\\ Cy
(X1,%2)=(1,2)
(V1,¥2)=(3,-1)
1+2=3 X +X =Y
1-2=-1 X=X =Y,
(X'1.X)= (5. %)
(Y'Y 2)= (ﬁ Zﬁ)
I
e




Characteristic equation

A —scalar, A(nxn) I(nxn) K(nxn)
K=A-Al characteristic matrix of matrix A
detK = K(A) =det(A - Al)= lA-Al=0 characteristic equation

KA =A+a,, At+a , A"+ .. +a,A+a,=0

The roots of the polynomial K(A): A, , A, , ..., A4 , A,, are called eigenvalues of matrix A.
If B = Q1AQ, than the characteristic equation for B

K=B-Al =QtAQ - AQ11Q =QYA-ADQ, and the determinant

detK =|B-Al=|Qt| |A-M]| |Q] =|A-Al]=0

Two matrices related to each other through a similarity transformation have the same set
of eigenvalues.



Eigenvalues

-1 -1
-1 -1-2
(1-1)(-1-2)-1=0

det(B—Al)=




Diagonal matrix

1d, 0 0 0
0 d, 0 0
D=/ 0 0 d, 0

D-Al =

D-All=(d,-2)d, - A)d;—4)..(d, —1)=0

A =d, 4, =d,, L, =0d,,..., 4, =d_

Can we transform a given quadratic matrix A to a diagonal matrix D through

a similarity transformation?




Diagonalization

CoSp  sin 1 1
o] ose sing A
—SIng COoS@ 1 -1
QAQ = cosp —sing(l 1| cosp sing| |Cosp —sing | Ccosp—sing COSp+Sing |
lsing cosg |1 -1| -sing cose| |sing cosp | cosp+sing —cosp+sing|

[ cos?p—2sinpcosp—sin?p  cos’p+2sinpcosp—sin®p |
oS p+2sinpcosp—sin® g —cos® g+ 2sin pcosp+sin® ¢

| cos2p—sin2¢p  cos2¢+sin2¢
| cos2p+sin2p —cos2p+sin 2¢

Now we set the nondiagonal elements to zero:
Cos2p+sin2¢p =0 sin 2¢ = —C0s2¢ tan2¢p =-1 20 =~

After the transformation:

COSZ +sin % 0 120 = 2. 4= 2
1 o — A ’ — TN
0 —cosz—sinz| | 0 —.2 ?



Eigenvalues and eigenvectors

C-1AC is a similarity transformation which diagonalizes the matrix A.

Columns of the matrix C contain eigenvectors.

If the matrix C is orthogonal, than C-'=CT , and C-*AC = C'AC.
cos(-z) sin(=z)] [cos(z) —sin(z)
C= _ :
—sin(-7) cos(-z)| |sin(z) cos(%)
Multiplication of the matrix A on both sides by the eigenvector produces a respective

eigenvalue:

o) sy [ et s )20
— cos”(5)+ cos(Jsin(§)+ sin(5 )cos(5)-sin?(5) = cos(z )+ sin(3)= 2 f =2

In general:

c,Ac, =4, k=12,...,n



Jacobi diagonalization 1

air QA2 ag3
a1z QAzp Azs
a3 Q3 dadz3

A= Matrix A symmetric

Search for the largest nondiagonal element, e.g. - a,,

1 0 0
C=1|0 cosep; sing,
0 -—sing; cosp,
Calculation
1 0 0 aj;; a;z a3][1 0 0
CTAC =|0 cos¢e; —sing{||laiz ap azg] [0 cos@, Singq| =
0 singp; cosp; llaiz azs as3fl0 —sing; cosg,
aiq caiy — Saq3 saip + caqz
= |cay, — says c’ay, — 2scays + s%ass (c? — s%)a,3 + sc(ay; — ass)
sayy +cayz  (c? —s?)ays + sc(ay, — ass) sa,, + 2scays + ctas;

where S = sin ¢4 C = COS (4



Jacobli diagonalization 2

Remove the largest nondiagonal element in position 23
(c* = s*)ayz + sc(az; —azz) =0
1 .
cos(2¢1) azs + 5sin(2¢1) (az; —asz) =0 /cos(2gy)

1
az3 +5tan(2¢q) (a2 —azz) =0

2a23
tan(2¢4) =
a3z — dpp
aiq caip —Saq3 Saq2 + caq3
CTAC == |CAqp — SA13 Czazz — 25CCl23 + Sza33 0
sai; + cajs 0 s?ay, + 2scays + c?ass

Traces of the matrices:
Initial After the transformation
aj1taz; + asz ay1 + c?ay; — 2scays + s?ass + stay, + 2scazs + c?ass

=aq + azz(CZ + SZ) + a33(52 + CZ)
= aq1+ay; + ass



Jacobli diagonalization 3

Sum of squares of nondiagonal elements

Initial SSy = af, + af; + a3

After transformation SS; = (ca;; — saj3)? + (saqy + caqg3)? +0
= c?a?, + Sza%3 — 2scapaq3 + s%a?, + Czaf3 + 2scaqpaq3
= (c? +s¥)a?, + (c® + s?)a%; = a, + a%y

SS; <SS,

Next step: selection of the largest nondiagonal element after
transformation and repetition of the procedure



Diagonalization example 1

Energy
0 —
1 —
-2
Object A System AB Object B
Energy matrix Eigenvalues Eigenvectors
-1 -1 — — .
[_1 _1] E,=0 V,=[0.71; -0.71]

E,=-2 V,=[0.71; 0.71]

@ = 45°



Diagonalization example 2

Energy
0
1
-2
Object A System AB Object B
Energy matrix Eigenvalues Eigenvectors
[__015 __Of E,=-0.5 V,=[0.71; -0.71]
| E,=-15 V,=[0.71 : 0.71]

@ = 45°



Diagonalization example 3

Energy
0
-1 —
24 T
Object A System AB Object B
Energy matrix Eigenvalues Eigenvectors
[__OiS __115 E,=0.12 V,=[0.85; -0.53]
' E,=-2.12 V,=[0.53 ; 0.85]

@ = 31.7°



Diagonalization example 4

Energy
0
_1 ]
o 1 T
Object A System AB Object B
Energy matrix Eigenvalues Eigenvectors
Tos 1 E,=-0.29 V,=[0.92 ; -0.38]
- E,=-171 V,=[0.38 : 0.92]

@ =225°



Diagonalization example 4

Energy
0
-
-2
Object A System AB Object B
Energy matrix Eigenvalues Eigenvectors
:8-? :2-; E,=-0.49 V,;=[0.99; -0.10]
- ' E,=-1.51 V,=[0.10; 0.99]

@ = 5.65°



Number {im thousands)

Predator-Prey Interaction

One of the classic studies of predator-prey interactions is the 90-year data set
of snowshoe hare and lynx pelts purchased by the Hudson's Bay Company of
Canada. While this is an indirect measure of predation, the assumption is that
there is a direct relationship between the number of pelts collected and the
number of hare and lynx in the wild. As you can see, there does appear to be
cycling over time in both hare and Ilynx number, but it's not as clean as in the
simple mathematical models. Life rarely is!

Hare-Lynx Data
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The Lotka-Volterra model

Assumptions:

1.
2. Hares have unlimited amount of food.

3.

4. Some meetings of lynx and hares decreases the number of hares with

o

Lynx eat hares only.
The increase of hare population x(t) is proportional (a) to their number.

with corfficient (b).

If food is not available the decrease of number of lynx is proportional to
the total population y(t) and (c) is a coefficient of mortality.

The increase of lynx population is proportional to the number of meetings
of lynx and hares with a coefficient (p)

d)c(i—?) = ax(t)—bx(t)y(t)

dz_gt) — _cy(t)+ px)y(t)

To the Excel sheet



Model predator-prey.xlsx
Model predator-prey.xlsx
Model predator-prey.xlsx
Model predator-prey.xlsx
Model predator-prey.xlsx

